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Abstract. In this paper we study warped product Einstein metrics over 
spaces with constant scalar curvature. We call such a manifold rigid if the 
universal cover of the base is Einstein or is isometric to a product of Einstein 
manifolds. When the base is three dimensional and the dimension of the fiber 
is greater than one we show that the space is always rigid. We also exhibit 
examples of solvable four dimensional Lie groups that can be used as the base 
space of non-rigid warped product Einstein metrics showing that the result is 
not true in dimension greater than three. We also give some further natural 
curvature conditions that characterize the rigid examples in higher dimensions. 



1. Introduction 

A (A, n + m)-Einstein manifold {Ar^,g,w) is a complete Riemannian manifold, 
possibly with boundary, and a smooth function it; on M satisfying: 

w 

Heasw — — (Ric — Ay) 
m 

(1.1) w > on int(M), 

w = on dM. 

When 771 = 1, we make the additional assumption that Aw = —Aw. 

(A, n + m)-Einstein metrics are also called m-Quasi Einstein manifolds and the 
case where dM is empty was studied earlier in |CSWj and |KK) . We also studied 
this equation in ,HPWlj and showed that many of the results from these earlier 
works generalize to the case where the boundary is non-empty. 

The (A, n-|-m)-Einstein equation has a natural geometric interpretation. Namely, 
if TO > 1 is an integer, then {M"',g,w) is a (A,n -I- TO)-Einstein manifold if and 
only if there is a smooth {n + m)-dimensional warped product Einstein metric 
(with no boundary) with base space M (see |HPWH Proposition 1.1]). Thus we 
can study warped product Einstein metrics by analyzing the (A, n -t- TO)-Einstein 
equation on the lower dimensional base space. While the motivation requires to 
to be an integer, there is no reason to restrict to this case in any of our results. 
When TO = 1, solutions are also called the static metrics and have been studied 
thoroughly for their connection to general relativity and the positive mass theorem 
[Coj . The equation is also closely related to considerations in optimal transport 
[Vi] and comparison geometry ^WW] . 
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Many Einstein metrics can be constructed as warped products. In fact the 
first non-trivial example of an Einstein metric, the Schwarzschild metric, is a 4- 
dimensional doubly warped product metric on ]R2 X In our context it can be 
viewed in two ways, either as a (0,2 + 2)-Einstein metric on M^, or as a (0,3 + 1)- 
Einstein metric on [0, oo) x§^. Much more recently C. Bohm constructed interesting 
warped product Einstein metrics on spheres and product of spheres. These exam- 
ples give rotationally symmetric (A,n + m)-Einstein metrics on hemispheres and 
spheres respectively when n — 5, 6, 7 (see jB51| ). Also see jLPPl IB62] for more 
examples. 

The Bohm metrics are in contrast to the solutions to the analogous gradient 
Ricci soliton equation, 

Ric + Hess/ = Xg. 

There is a well known classification theorem of three dimensional gradient Ricci soli- 
tons with A > following from the works of Ivey[Iv , Hamilton [Haj . and Perelman |Per] 
Thus the Bohm metrics show that there are more examples of (A, 3 + m)-Einstein 
metrics than gradient Ricci solitons. It is then natural to ask whether one can clas- 
sify (A, 3 + TO)-Einstein metrics under additional natural curvature assumptions. 
Before we state our first result in this direction, we require a definition. 

Definition 1.1. A (A,n + m)-Einstein manifold {M,g,w) is called rigid if it is 
Einstein or its universal cover is a product of Einstein manifolds. 

There is an explicit list of the possible rigid examples, in particular we will see 
that there are at most two different Einstein constants in the product, one of which 
is A, see Section 2. Our first result is that, in dimension three, constant scalar 
curvature characterizes rigidity. 

Theorem 1.2. A (A,3 + m)-Einstein manifold with m > 1 has constant scalar 
curvature if and only if it is rigid. In particular, if the manifold has no boundary, 
then it is a quotient o/S'^ , §^ x E, K"^, x M, or M'^ with the standard metrics. 

Remark 1.3. In [Sej H. Seshadri considered compact (A, 3 + 1)-Einstein manifold 
where the total space admits a non-trivial circle action. Under certain further 
conditions on the circle action, he showed that the total space is either the standard 
with the base 3-disk D'^ or the Riemannian product §P x §P with the base 
[-f,f] x§2. 

Note, on the other hand, that every (A, n + 1)-Einstein metric has constant scalar 
curvature. While constant scalar curvature may appear to be a strong assumption, 
we also exhibit examples showing that this theorem is not true in higher dimensions. 

Theorem 1.4. For each m > 0, there are 4^- dimensional solvable Lie groups with 
left invariant (A, 4 + m)-Einstein metrics that are not rigid. 

Remark 1.5. These examples are also in stark contrast to the gradient Ricci soliton 
case, where all homogeneous gradient Ricci solitons are rigid. As m goes to infinity 
these examples converge to a Riemannian product M.xH^ where H isa homogeneous 
(non-gradient) Ricci soliton, see Theorem 16. 101 

Remark 1.6. We also note that the left invariant metrics we construct on solvable 
Lie groups are not solvsoliton metrics unless they are isometric to R x _ff or are 
rigid. 
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We are then led to the question of whether we can classify (A, n + m)-Einstein 
metrics with constant scalar curvature in higher dimensions under natural addi- 
tional assumptions. This problem is also addressed in jCSW| where it is shown 
that every compact (A, n + m)-Einstein metric with constant scalar curvature which 
does not have boundary must be a trivial A-Einstein metric. They also show that 
when A = the metric must be Ricci flat, our next result is the extension of this 
result to the non-empty boundary case. 

Theorem 1.7. Suppose {M,g,w) is a complete (0,n + m)- Einstein manifold with 
constant scalar curvature, then {M, g) is either Ricci flat without boundary or it is 
isometric to {F x [0,oo), gp + dr^) where {F,gp) is Ricci flat and w — w{r) is a 
linear function. 

Classification theorems for gradient Ricci solitons with constant scalar curvature 
were also considered by the last two authors in |P W3| . They show that a gradient 
Ricci soliton is rigid if it has constant scalar curvature and all the sectional curva- 
tures in the direction of the gradient of the potential function are zero. Our next 
result appears to be a stronger result for (A,n -I- m)-Einstein metrics. 

Theorem 1.8. Suppose {M,g,w) is a complete {X,n + m)-Einstein manifold with 
constant scalar curvature and A > 0(< 0) , i/ Ric(V?i', Vw) < 0(> 0), then M is 
isometric to the product M x N where N is a X-Einstein manifold. 

Remark 1.9. It turns out that the assumption about Ricci curvature is equivalent 
to the scalar curvature being bounded between nX and (n— 1)A. Thus this theorem 
can also be viewed as a generalization of Proposition 3.6 in [CSWj which states 
that for A < if the scalar curvature is constant then it is bounded below by nX, 
and is equal to nX if and only if the metric is A-Einstein. 

This theorem shows that only a limited number of rigid {X,n + m)-Einstein 
metrics have vanishing sectional curvatures in the "radial" direction. This is in 
contrast with the gradient soliton case where all rigid examples have vanishing 
radial curvatures. Our next theorem is a characterization of all rigid {X,n -\- m)- 
Einstein metrics in terms of scalar curvature and the sectional curvatures in the 
radial direction. 

Theorem 1.10. Suppose {M, g, w) is a complete simply connected non-trivial (A, n-\- 
m) -Einstein manifold with constant scalar curvature and A 7^ 0. // the Riemann 
curvature tensor does not grow exponentially, and the radial sectional curvature 
satisfies 

(1.2) i?(X,Vw,Vw,X) = J L (AlXp -Ric(X,X)) , 

TO 

then the manifold is rigid. 

Remark 1.11. We only need to assume the curvature growth condition in the case 
when the fiber in the warped product construction is Ricci flat. 

In |HPW1) we defined two natural tensors, P and Q, which are modifications 
of the Ricci tensor and the Riemann curvature tensor. The equation in (II. 2p is 
equivalent to the radial fiatness of Q, i.e., Q{X,Vw,Vw,X) — 0. 

Theorem 11.101 also has the same corollary as the result in the gradient Ricci 
soliton case. Note in the corollary below, we do not need the curvature growth 
assumption. 
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Corollary 1.12. If(M,g,w) is a complete simply connected non-trivial (A,n + m)- 
Einstein manifold with harmonic curvature, then it is rigid. 

The paper is organized as follows. We classify the rigid examples in Section 2. In 
Section 3, we derive some identities for the tensors P and Q on (A, n + TO)-Einstein 
manifolds with constant scalar curvature. In Section 4 we turn our attention to 
proving the classification theorems. We first prove Theorems 11.71 and 11.81 Theorem 
11.21 the three dimensional classification, is then an application of these two results. 
In Section 5 we discuss Theorem 11.101 and in Section 6 we construct the non-rigid 
metrics on solvable Lie groups. Further investigations in the homogeneous case will 
be the subject of future paper. In Appendix A, we prove a result for the integrability 
of eigen-distribution of Ricci tensor that is used in the proof of Theorem ll.lOi see 
Theorem lA.il 

Acknowledgment: The major part of this paper was done when the first author 
was a visiting scholar at Department of Math, University of Pennsylvania. He would 
like to thank the university for their hospitality. 



2. Rigid examples 

In this section, we give a classification of rigid (A,n + r7i)-Einstein manifolds. 
First recall 

Definition 2.1. A (A,n + m)-Einstein manifold {M,g,w) is called rigid if it is 
Einstein or its universal cover is a product of Einstein manifolds. 

In the gradient Ricci soliton case, if the metric splits, then each factor is a 
gradient soliton with the same value of A and none of them has to be trivial. 
However in the (A, n + m)-Einstein case if the metric splits, then there are at most 
two Einstein constants and one factor is trivial. 

Lemma 2.2. Suppose (M, g, w) is a (A, n+m)- Einstein metric such that the metric 
splits as a product 

{M,g) = {Mi,gi) x (M2,g2) 
Then one of the manifolds, say (Mi,gi), is a trivial {\,n + m)- Einstein manifold. 

Proof. We write the (A, n + m)-Einstein equation in the (1, l)-tensor form: 

m 

Ric VVw = XI. 

w 

The operator E i— ^V^Viu preserves the splitting of the metric {M,g) = {Mi x 
M2,gi + .92)- Using the local coordinates and writing Vw — a^dj, we have 
Vw — Xi + X2 where Xi is a vector field on Mi, i — 1,2. Choose a fixed point 
{p, q) G Ml X M2, then on the submanifold {p} x M2, we have 

m\7X2{x2) = X2)(RiCg2 - A/). 



Therefore if (M2,(/2) is not a A-Einstein manifold, then w{p,X2) does not depend 
on the value of p, i.e., Xi = 0, which implies (Mi, gi) is a trivial (A, n-|-m)-Einstein 
manifold. □ 
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The non-trivial (A, n + m)-Einstein manifolds which are also Einstein were clas- 
sified in |CSWj and extended to manifolds with boundary in [HPWl] . The Einstein 
constant which is not A is given by 

{n - 1)A - seal 

2.1 p= z , 

m — 1 

and all examples are listed in the next proposition. 

Proposition 2.3. Suppose that {M,g,w) is a non-trivial {X,n + m) -Einstein man- 
ifold which is also Einstein, then up to multiples of w and g, it is isometric to one 
of the examples in Table [TJ 



M 


9 


w 


A 


P 




1- 2 ' 2 J 


dr2 


w{r) — cos(r) 


m 





777 —1 


[0,c^) 


dr^ 


w(r) = r 








777 —1 


[0,cx.) 


dr^ 


w{r) = sinh(r) 


— m 





777 —1 


(— oo, oo) 


dr2 


w{r) — eJ 


— m 








(— oo, oo) 


dr2 


w{r) ~ cosh(r) 


— m 





-(777 -f) 


D" 


dr^ + sin^(r)5g„-i 


w(r) — cos(r) 


n -\- m — \ 


77- 1 


777 —1 


[0,oo) X F 


dr^ + gp 


w(r) — r 








777 —1 


[0,00) X N 


dr^ -|- cosh^(r)(7Ar 


w{r) = sinh(r) 


— (n + 771 — 1 ) 


-(77-1) 


777 —1 


(—00, 00) X F 


dr^ -f e^^gp 


w{r) — e^ 


— (77 + 777 — 1) 


-(77-1) 





H" 


dr^ + sinh^(r)(7gn-i 


w{r) — cosh(r) 


— (77 + 777 — 1) 


-(77 -f) 


-(777 -1) 



Table 1. Non-trivial (A, + m)-Einstein manifolds that are also 
Einstein. Here S"~^ has Ricci curvature 71 — 2, F is Ricci flat and 
N has Ricci curvature —(77 — 2). 



Remark 2.4. The first five (A, 1 -I- rr7)-Einstein structures in dimension one can be 
viewed as degenerate cases of the last five examples. For instance, in Example 8 if 
A'^ is a point, then we have Example 3. 

Combining these two results allows us to easily classify all rigid (A,n + 777)- 
Einstein manifolds. 

Proposition 2.5. A non-trivial complete rigid (A, n-\-m)- Einstein manifold (M, 5, w) 
is one of the examples in Table [7J or its universal cover M splits as 

M = (Mi,5i) X (M2,<?2) 

W = (C,W2), 

where c is a constant, (Mi, 51) is a trivial (A, n+m)- Einstein manifold and (M2, 52, ^2) 
is one of the examples in Table QJ 

Proof. If M is Einstein, then by Proposition 12.31 it is one of the examples in Table 
[H Otherwise the metric splits as a product of Einstein manifolds and Lemma 12.21 
implies that the potential function w also splits and one of the factors. Mi have 
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constant potential function and Ricci curvature A. Now M2 is both Einstein and 
(A, n + TO)-Einstein and so applying Proposition l2. 31 again shows that M2 is in Table 

m □ 



3. Preliminaries 

In this section we collect the formulas from |KK) , |CSW] and |HPW1| which we 
will use later in the proof of the theorems. We apply some of these identities to give 
a classification of the possible forms of w on a (A,n + m)-Einstein manifold with 
TO > 1 and constant scalar curvature. Finally we derive some properties about the 
critical point set of w. 

Recall from |HPW1| that for a (A,n + TO)-Einstein manifold with to 7^ 1, we 
define 

in — 1)A — seal 
P{x) = 1 

TO — 1 

P = Ric — pg 

Q = B+—PQg+^-^gQg 
TO m 

where R is the (0,4) Riemann curvature tensor, and for any two symmetric (0,2)- 
tensor s and r, s r is the Kulkarni-Nomizu product defining a (0,4)-tensor 

{sQr){X,Y,Z,W) = ^{r{X,W)s{Y,Z) +r{Y,Z)s{X,W)) 

ir{X, Z)s{Y, W) + r{Y, W)s{X, Z)) . 

Note that we use the convention for the Riemann tensor that makes R {X, Y, Y, X) 
have the same sign as the sectional curvature of the plane spanned by X and Y. 
The Kulkarni-Nomizu tensor is defined to be consistent with this choice. 

Up to a dimensional constant, P can be viewed as the Ricci tensor associated 
with Q, i.e., if {i?i}r=i orthonormal frame, then 

(3.1) V Q{X, E,, E,,Y)^ '-^—^ P{X, Y). 

'-^ m 

2 — 1 

Also note that the trace of P and p are related by the equation 

(3.2) trP = (?i - 1)A - (n + m - l)p. 

When the scalar curvature is constant, p is constant on M and P is just the 
Ricci tensor shifted by a constant multiple of the metric. In this case the formulas 
in |CSW| and |HPW1| simplify significantly. The first set of formulas we will need 
involve P and the derivatives of the scalar curvature. Recall that for a {\,n + m)- 
Einstein manifold with m > 1, 

= P{Vw) 

\ -\- \ 

-A(scal)-K^^5(Vscal,V7«) = (A - p)tr(P) - |P|2 
div(u'™+ip) = 0. 
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The first two equations are just formulas (3.11) and (3.12) in jCSW] rewritten in 
our notation, for the third identity see Proposition 5.6 in jHPWl] . When the scalar 
curvature is constant these identities give us the following formulas. 

Proposition 3.1. Let {M,g,w) be a {\,n -\- m)- Einstein manifold with constant 
scalar curvature and m > 1, then 

P{Vw) = 

\Pf = (A - p)trP = constant. 
div(P) = 0. 

Proof. The first two are obvious from the equations above because seal, p, and trP 
are all constant. For the third fact, note that div(w'"+^P) = is equivalent to 

div(P) = -i!!i±llp(Vu;). 

w 

□ 



There are two important corollaries of these formulas which we will find useful. 

Corollary 3.2 ( [CSW| . Proposition 3.6). Let {M,g,w) be a (A, n + m) -Einstein 
manifold with constant scalar curvature and m > 1, assume in addition that X 0, 
then the scalar curvature is bounded by nX and np. Moreover if seal = nX or np, 
then the manifold is Einstein. 

Proof. From the equation |Pp = (A — p)tiP, we have 



trP 
P g 



2 



(trP) ( A — ^ — I = (seal — np){nX — seal). 

n J n 



n 

Then the statement follows easily. □ 

Corollary 3.3. Let {M, g, w) be a (A, n+m)- Einstein manifold with constant scalar 
curvature and m > 1. If X > 0(< 0), then X — p > 0(< 0). 

Proof. Suppose that A < and p < X, then by p.2|) . tr(P) > 0. Then the formula 

|Pp = (A-/9)trP < 

shows that M is Einstein and p = X. However, this case never occurs in Table [T] 
with m > 1 so we have a contradiction. 

A similar argument shows p — A < if A > 0. In fact, constant scalar curvature 
is not necessary for the conclusion in the A > case, see Proposition 5.4 in [HPWlj . 

□ 



The other set of formulas we will use involve the covariant derivatives of the 
tensors P and Q, and are proven as Proposition 6.2 in [HPWlj . 

(3.3) 

- ((VxP)(l^, Z) - (VyP)(X, Z)) = -Q{X, Y, Z, Vw)--{gQg) (X, F, Z, Pi^w)) 
m m 

In the case of constant scalar curvature these give us the following identities. 
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Proposition 3.4. Suppose {M, g, w) is a (A, n+m) -Einstein manifold with constant 
scalar curvature and m > 1, then 

- {{VxP){Y, Z) - {VyP){X, Z)) = - ((VxRic)(r, Z) - (VyRic)(X, Z)) = -Q{X, Y, Z, 
m m 

-(Vv.,P)(X,r) = -(^)\x-p)P{X,Y)+(-)\{P{X),P{Y)) 

+QiVw,X,Y,Vw). 

Proof. The first equation comes from combining tlie equation p.3p witli tire fact 
that P(Vw) = and p is constant. The second equation then follows from com- 
bining the first equation with the following formula 

(VxP)(Vw,y) = p(VxVu.,y) 

= -P((Ric- A/)(X).r) 
m 

= -P{{P+{p-X)I){X),Y), 
m 

where we have assumed that X and Y are arbitrary parallel fields. □ 

We obtain the following corollary from considering the last identity at a critical 
point of w. 

Corollary 3.5. IfVw vanishes at p £ M, then 

Po{P-{X- p)I) = 0. 

The other very important formula we will utilize is the identity from |KKj which 
states that 

(3.4) wAw + (m - l)|V«7p + XuP' ^ p. = const. 
By tracing the (A, n + m)-Einstein equation, we also have 

Aw — — (seal — nX) . 
m 

Letting p = after a calculation the equation p.4p then becomes 

(3.5) p = kw^ + |Vu;p, where k = 

m 

Since k is constant when the scalar curvature is constant this tells us that the only 
possibilities for the form of the function w are the functions appearing in the rigid 
examples. 

Proposition 3.6. Suppose {M,g,w) is a non-trivial {X,n + m)- Einstein manifold 
with constant scalar curvature and to > 1. 



• If k > 0, then p > and 

^ cos 
k V 



w 



for a distance function r. 
• lfk = 0, then p > and w = ^JJLr for a distance function r. 
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If k < 0, then the general form of w is 

w = Ci exp fcr^ + C2 exp ^— fcr^ 

where r is a distance function. More specifically we can express this as 
w = exp (^\/—kr^ , when fi — 0, 

w = J ^ cosh (^\/~kr^ , when p. < 0, 



' — ^ sinh ^\/— fcr^ , when fj, > 0. 



Remark 3.7. Note that CoroUarv 13.31 shows that k and A always have the same 
sign. 

Proof. RecaU that a distance function is simply a smooth function whose gradient 
always has unit length. The proof uses the equation 

kw"^ + IVuij^ = Jl. 

When fc = and ^ > we note that is a distance function. 
When fl = and fc < the function log _ is a distance function. 



When fc > we note that /i > and we can rewrite the formula as 

fc 



showing that Vk arccos ( -j= ] is a distance function 



Finally when fc < there are two cases depending on the sign of /i. The formula 
is then rewritten as 



1 iVwp 



2 



1 



when n > 0, OT 



1 \Vw\^ 



fc 



2 



= 1 



when n < 0. And we get the specific expression using arcsinh or arccosh. □ 

Finally in this section we discuss two propositions about the critical point set of 
w that will be used in the proof of Theorem 11.101 

Proposition 3.8. Suppose {M,g,w) is a {X,n + m)- Einstein manifold with con- 
stant scalar curvature and the set of critical points of w is non-empty. Then all 
connected components have the same dimension. Furthermore let N be a connected 
component, then normal vectors to N are eigenvectors for P and tangent vectors 
are (A — p) eigenvectors for P. 
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Proof. There are only two nontrivial cases where w has critical points 

w = Ccos(^\/%r^ , or 

w = C cosh I \/—kr ] 



By scaling we can further assume that C — 1 and additionally that A^' C {r = 0}. 
We know that at N 

n — I — 1 „ , , 

Ar= + 0(1 . 

r 

Thus 

Aw = {~~kr + O P)) ~ V O (1)^ + {-k + (r^)) 

= -k{n-l) + 0{r). 
The (A, n + m)-Einstein equation gives us 

Aw = — (seal — nX) 
m 
w 

= — (trP-n(A-p)). 
m 



So at A'' we have 
showing that 



— (trP - n (A - p)) = -fc {n - I) 
m 



trP = -{\- p)(n-l) + n{X- p) 

Corollarv 13.51 implies that at N 

Po{P-{\-p)I) ==0. 
Thus and A — p are the only possible eigenvectors at N. Since converges to 



normal vectors to N it follows that any normal vector to is a eigenvector for 
P. As 

trP = ; (A - p) 

the tangent vectors to N must be A — p eigenvectors for P. □ 

Proposition 3.9. Suppose a {X,n + m)- Einstein manifold {AI,g,w) satisfies the 
following identity 

Po (P- (A - p)/) 
everywhere on M , then for N , the set of critical points of w, we have 

(1) N is totally geodesic. 

(2) VP vanishes at N. 

Proof. The equation 

mWw = w{P - {\- p)I) 
at N reduces to a soliton type equation 

mWw ^ P - {X- p)I. 
In addition we also have from Proposition 13.41 that at N 



= -Q{X, Y, Z, S/w) = - ((VxP)(r, Z) - {VyP){X, Z)) 
m 
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First we show that N is totaUy geodesic. Let F be a normal vector field to N and 
X be a tangent vector field. Thus 

P{Y) = VyVw = kY 

P{X) = {\-p)X VxVw = 0. 

Using that the only eigenvalues for P are and X ~ p we can extend X, Y such 
that they remain eigenfields for P. In particular 

-P {VxY) = (Va-P) (Y) = (VyP) (X) = (A - p) VyX - P (VyX) . 

Then from the soliton equation we see that 

iX-p)g{VxY,X) = P{VxY,X)-mRessw{VxY,X) 
= P{WxY,X) 

= P{WYX,X)-Xg{WYX,X)+pg{WYX,X) 
= mHessw (VyX, X) 
= 0. 

So the second fundamental form vanishes and N is totally geodesic. 
Next we show that P is parallel at N. We show that 

VxP = 0, 
VyP = 0, 

where X is tangent to N, and Y is normal to N. 

To show the first we evaluate on X' E TN and Y' normal to N. Since 

P{X') = {X~p)X' 
P{Y') = 

we obtain 

{yxP){x') = {x-p)VxX'-p{VxX'), 

{WxP){Y') = -P{VxY'). 

Both of these expressions vanish as N is totally geodesic. 
For the second case use Proposition again to obtain: 

-(Vv.,P)(^) = -{-)\{{X- p)I-P)P){Z) + Q{Z,^w)Vw 
m Vm/ 

= Q(Z,Vu;)Vw. 
Dividing by |Vw| then yields 



and supposing that 



-(V^P)(Z) = Q (Z, Vw) ^ 
m iv™i ^ ^ ' |Vw;| 



iVwl 



as we approach N we obtain 



VyP 

m 



as desired. □ 
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Remark 3.10. If a (A, n + TO)-Einstein manifold satisfies the radial Q flatness condi- 
tion (|1.2[) , then we will show that the P tensor satisfies the equation in Proposition 

EH 



4. Proof of Theorem [T7^ [TT71 and [T751 

In this section we will discuss the proofs of theorems 11.21 [TTtI and ll.81 The easiest 
to prove is Theorem 11.71 which is the classification in the A = case. It already 
follows directly from the formulas in the past section, and is the same argument as 
in [CSW] . 

Proof of Theorem \1.7\ Since the scalar curvature is constant and A = 0, from 
Proposition 13 . 1 1 we have 

P = 7tr(P), 

n + m — 1 

\P\' = -ptr(P)^ ^ (trPf. 

n + m — 1 

The second identity above and the Cauchy-Schwarz inequality n|Pp > (tr(P))^ 
imply that 

" •(tr(P)f >(tr(P))^ 



n + m — 1 

So we have tr(P) = as m > 1. It follows that p = and then |Pp — 0. Hence 
Ric — pg and the result follows from the classification in Proposition 12. 31 □ 

Next we turn our attention to Theorem 11.81 Before the proof we give two corol- 
laries that follow from combining the theorem with some of the other results we 
have already discussed. 

Corollary 4.1. Let (M, g, w) be a (A, n+m)- Einstein manifold with constant scalar 
curvature and m> 1. // A > 0, then 

0< p< X, 

and if X < 0, then 

0> p>X. 

Moreover, in either case, p — X if and only if X = and the metric is rigid, and 
p = if and only if M = N x M. where N is a X-Einstein metric. 



Proof. In Corollarv l3.3l we already saw that X > p when A > and that X < p when 
A < 0. To see the rigidity statement for this side of inequality, note that if A = p, 
then fc = and then we get rigidity by combining Proposition 13.61 and Theorem 

The other inequality is equivalent to Theorem 11.81 To see this note that, since 
Ric(V?«) — pVw, the hypothesis on Ric(Vw, Vw) is equivalent to assuming p is 
zero or has the opposite sign of A. □ 



As mentioned in the introduction. Theorem II. 81 can also be interpreted as a gap 
theorem about the scalar curvature. 
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Corollary 4.2. Let (M, w) be a (A, n+m)- Einstein manifold with constant scalar 
curvature and m > 1. // the scalar curvature is between (n — 1)A and nX then either 
the metric is a X-Einstein metric, or it is rigid and splits as N x M. where N is a 
X-Einstein metric. 



Proof. As we have seen in Proposition 13.21 the scalar curvature must be between 
np and nX, and can only be equal to nX if the metric is A-Einstein. On the other 
hand, by the definition of p, the scalar curvature being bounded away from zero by 
(n — 1)A is equivalent to p having the opposite sign as A, so the other half of the 
result is equivalent to Theorem ll.81 □ 

Now we prove the theorem. 

Proof of Theorem Ij.^l For the discussion above we see that the hypothesis is equiv- 
alent to /ofc < 0. 

By Proposition 13.61 we see that if w is not constant, then w = w{r) where r is a 
distance function and w" — ~kw. This implies 

Vw — w'Vr 

Aw — —kw + w Ar 



and 



so 



Aw 



w 



(seal — nX) 



-kw 



w'Ar — — (seal — nA) 
m 



which implies that 



w' Ar — w 



( seal — nX X 

+ - 

V m 7 



The Bochner formula for r is 

= |Hessr|V.g(Vr,VAr) 
= |Hessr|^ +.g(Vr, VAr) 
The middle term can be calculated by using 



-pw. 



Ric (Vr, Vr) 



-pw'Vr 



— /cwArVr + w'VAr 

—kw 



w' 
kw"^ 



{—pw) Vr + w'VAr 



= P- 



Vr + w'VAr 



w 



showing that 



Thus we obtain 



5(Vr, VAr) = -p + pk 



[w'y 



= |Hessr| + g (Vr, VAr) + p 



= iHessrl 



pk- 



w'Y 



showing that pfc > 0, and can only vanish when Hessr 
splitting along the gradient of w. 



0, which implies the 
□ 
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We finish this section by showing Theorem ll.2l i.e., a three dimensional (A, 3+m)- 
Einstein manifold is rigid if it has constant scalar curvature. 

Proof of Theorem ] 1.^ We start by showing that P has constant eigenvalues. Propo- 
sition says that 

P (Vw) = 0, 

trP = 2A - (m + 2)p, 
|P|2 = (A-p)trP. 

Thus one eigenvalue is and if the other two are pi and p2 then 
Pi,2 = ^ (2A - (m + 2)p ± ^/2mpX - 2mp2 _ ^^2^ = i (^trP ± ^mp{tiP) 

This shows in particular that (VP) {E, E) ={) \i E \s Si unit eigenvector for P. 

The goal now is to prove that either A = in which case we can use Theorem 
11.71 or pi — P2- In the latter case the metric is either p- Einstein or p = reducing 
us respectively to Proposition 12.31 or Corollarv l4.1l 

Recall 

2 p- A 

Q ^ R+ —P Q g + gQg. 

m ni 

If n = 3, then we have R = ^g & g + (Ric - ^^g) g. Since seal = trP + 3p, 
the tensor Q can be written as 

m + 1 / 1 
Q = f 2P g - -(trP)g g 

If Ei is a unit eigenfield for pi, then 

m + 1 „^ trP,_ ,9 



Q{Vw,E,,E„Vw) - \Vw\'PiE,,E,) - —\Vw\' g{E,, Ei) 

m \ 2 

where j ^ i. 

Using Proposition 13.41 we have 

-(Vv.P)(X,y) = -(-)\x-p)P{X,Y) + (-)\{P{X),P{Y)) 
+Q{S/w,X,Y,\/w). 

Evaluating on E^ yields 

.2 / in\'2 ^ m+1 







When M has boundary we know that w = somewhere so this formula im- 
mediately shows that pi — P2- In general we can subtract the two equations to 
obtain 

0= {pi~P2) (A-p) + — (pl+p2) + (m-Hl)|V^(;^ 
V TO TO 



This shows that either p\ — p2 or 

2A - (m + 2)p = trP = (A - p) - to (to + 1) 
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As 

m 

the latter case can only happen when ^ = and 

— (X — p) + mp iVwl^ 

= m 5 — 

m + 1 

Thus A = 0. 

Remark 4.3. In the proof above, we showed that Ric has constant eigenvalues. Such 
a metric is called Ricci curvature homogeneous. This condition is more general than 
being curvature homogeneous, i.e., for any two points p and q in M, there exists a 
linear isometry (p : TpM — >■ TqM such that <j>* {Rq) = Rp, see [Si]. Both notions are 
equivalent in the two and three-dimensional cases but not for higher dimensions. In 
dimension three there are curvature homogeneous spaces that are not homogeneous, 
see [Bui IBVl IKo| and the references therein. 



= -{X-p). 



□ 



5. Proof of Theorem 11.101 and Corollary 1 1.1 21 

In this section we prove Theorem II. 101 i.e., that radial flatness of Q implies the 
rigidity. There are a number of steps and the proof breaks down into different cases. 
The proof comes from studying the eigenvalues and eigen-distributions of P. First 
we show that and X — p are the only possible eigenvalues. 

Lemma 5.1. Suppose a {X,n + m)-Einstein manifold (M,g,w) has constant scalar 
curvature and 

Q{Vw,-,-,Vw) = 0. 
Then the eigenvalues of P are either or X — p, i.e., on M we have 

Po{P-{X-p)I) =0. 

Proof. Since the scalar curvature is constant, from Proposition 13.41 we have 

w 

(Vv«,P) - -Po{P-{X- p)I) 
m 
w 

= —Po(P~mkI), 
m 



where k — 7^ by Corollary [ 

In addition from Proposition 13.61 if A: > then 



w = cos (^V fcrj , 

and if fc < 

w = exp (^\/—kr^ , 

w = cosh (^y/—kr^ , or 

w = sinh (^\/—kr^ . 

At points where Vw 7^ the radial curvature equation can be rewritten as 

w — 

(Vvr^) = -(Po{P- mkl)) . 

mw' 



16 



CHENXU HE, PETER PETERSEN, AND WILLIAM WYLIE 



Let y be a unit parallel vector field along an integral curve of r and let y{r) - 
P{Y, Y). So the above equation becomes 

y'{r) = -^y{y - mk). 
mw' 

Using that w" = —kw we see that this equation has the general nonzero solution 

y (r) = mk 



w' + A 
mk 



Choose an orthonormal frame {i^i}" ^ in the normal space of Vr and assume that 
they are parallel vector fields along Vr. Suppose yi — P{Yi,Yi), i — 1,2, ... ,p, are 
the non-constant values, i.e., 



Vt = 



l + Aiz{r)'- 



where z{r) = {w') and A^'s are nonzero constants. As tr(P) is constant, it follows 
that 

i=l 

To see the constant on the right hand side is zero, let r -> 0. Now plugging in the 
specific form for y we obtain 

P+blZ + b2Z^ + ---+bpZP 

Ilt^il + A,z) 

where the coefficients hi can be derived from the binomial formula. However, unless 
p = this is a contradiction since z(r) has the property that {l, z, z"^, z^, . . . } is a 
linearly independent set of functions on their intervals of definition. 

Therefore, in all cases, P{Yi,Yi) is constant and thus either or X — p. It 
follows that the eigenvalues of P are bounded by and A — p. Using the identity 
|Pp = (A — p)trP in Proposition 13.11 it is either or A — p. □ 

From Proposition 13.61 there are four different cases: 

(1) w — cos ^Vfcr^ , M has boundary and /i > 0, 

(2) w — cosh (^\/ —kr^ , M has no boundary and /i < 0, 

(3) w — sinh {^^J —kr^ , M has boundary and p > 0, 

(4) w — exp [ \/ —krj , M has no boundary and fi — 0. 



In the first two cases, the critical point set of w is non-empty and the proof follows 
from a similar argument as in Ricci soliton case, see |P W3j . 

Proof of Theorem ] l.lffl in Case (1^ and This comes from considering the crit- 
ical point set ol w, N = {x : Vw{x) = 0}. From Proposition 13.91 we see that TV is a 
totally geodesic A-Einstein manifold. 

The normal exponential map v (TV) — > Af follows the integral curves for Vz/;(or 
Vr) and therefore is a diffeomorphism. Using the fundamental equations, see for 
example [Pel Chapter 2.5], the metric on M is completely determined by the radial 
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sectional curvatures and the metric on as iV C M is totally geodesic. Since these 
match exactly with the values in the corresponding rigid cases, the metric must be 
rigid. □ 



Now we are left with Case ([3]) and ([4]). The proof of the theorem in these cases 
is much more involved since N — ^. 

From the explicit formula of the function w the maximal interval / of r is either 
(— oo, oo) or [0, oo). On this interval we can write the metric as 

M = / X E 

From Lemma 15. 1[ the tangent space of S has an orthogonal splitting of eigen- 
distributions of P: 

TS = N®V 
P\n = (A-p)idAA 
P\v = 0, 

and they are parallel along Vr. 

Theorem 11.101 will follow by showing that the distributions are parallel, see 
Lemma [5.31 for Case ([3|) and Lemma [5.41 for Case ([4]). In Lemma [5.41 we assume 
that the curvature does not grow as fast as exponentially. In fact we can show that 
the eigen-distribution of P is integrable without this curvature growth assumption, 
see Proposition I A . 2 1 and Theorem lA.il in Appendix A. 

Before proceeding to the general case we note that these steps are considerably 
simpler in the harmonic curvature case. In fact, the argument in [Be[ Proposition 
16.11] shows that the eigen-distributions of P are always integrable in this case. 
Moreover, if the curvature is harmonic, then 

(Ve.Ric) {E2,E^) - (Vfi.Ric) [E^.E^) = divi?(£;i, ^2, ^^a) = 

for any vector fields E2 and E^. The scalar curvature is also constant and thus 
Proposition 13.41 shows that Q{Ei, E2, E^jWw) = 0. This explains why harmonic 
curvature is a stronger assumption than Q(Vw, E, F, Vw) = 0. For any two eigen- 
vector fields X with P{X) = (A - p){X) and U with P(U) = the vanishing of Q 
also implies that 

R{X, U, X, Vr) = R{U, X, U, Vr) 0. 

On the other hand, we also have the following calculation. We will only use the 
first and third equations for the harmonic curvature case, but will find the other 
two equations useful later. 
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Proposition 5.2. Suppose X, Y and U, V are X — p and eigenvector fields of P 
respectively. Then we have 

(5.1) R{X,U,Y,Vr) = -k^g{VxY,U) 

w 

w' 

(5.2) {VvrR){X,U,Y,Vr) = —R{X,U,Y,Vr) 

iR{X, U, Y, Vr) + R{Y, U, X, Vr)) 

w' 

(5.3) R{U,X,V,Vr) = k^g{VuV,X) 

(5.4) {WvrR){U,X,V,Vr) = (— + k^)R{U,X,V,Vr) 

+k^R{U,V,X,Vr). 
w' 

Proof. First note that 

Hessw = —kwdr (g) dr + w'Hessr. 
Therefore the second fundamental form for the hypersurface (r) is 



I.e., 



II = Hessr = (w') Hessw = (Ric — Xg) , 

mw' 



11{X,X) = 
II{X,U) = 



This implies 



and 



i?(XVr)Vr = 
R{U, Vr)Vr = kU, 

R{X,U,Y,Vr) = {WuII)(X,Y)-{VxIl){U,Y) 

= ll{U,WxY) 
- w 

= -k—g{yxY,U). 
w' 

From the second Bianchi identity 

(Vvri?) {X, U, Y, Vr) + {VxR) {U, Vr, Y, Vr) + (Vc/i?) (Vr, X, Y, Vr) = 0, 
it follows then that 

{VvrR){X,U,Y,Vr) = (Vxi?)(Vr,t7,y,Vr)-(Vc;i?)(Vr,X,y,Vr) 

= -R (Vr, U, VxY, Vr) + R (Vc/Vr, X, Y, Vr) + R (Vr, X, Y, Vc/ Vr) 

= — (Ric(C/, S/xY) - Xg(U, \7xY)) - k—R(U, X, Y, Vr) - k—RiVr, X, Y, U) 
m ' w' w' 

= -~kg{U, VxY) + k^ {R{X, U, Y, Vr) + R {Y, U, X, Vr)) 
w 

= —R{X, U, Y, Vr) + k^ {R{X, U, Y, Vr) + R{Y, U, X, Vr)) . 
w w' 
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An analogous argument gives us the other equations: 

R{U,X,V,Vr) - {Vxll){U,V)~{Vull){X,V) 

- W 

= -k—g{VuX,V) 
w' 
- w 

= k—g{X,VuV) 

m' 



W' 



and 



{VvrR){U,X,V,Vr) = {VuR){Vr,X,V,Vr)~{VxR){Vr,U,V,Vr) 

= -~R(yr, VuX, V, Vr) - RiVu^r, X, V, Vr) - i?(Vr, X, V, Vu^r) 

1 - w - w 

= — (Ric(F, VuX) ~ Xg{V, VuX)) + k—R{U, X, V, Vr) + k—R{Vr, X, V, U) 
m w w' 

- — w - w 

= -kg iy, VuX) + k — R(U, X, V, Vr) + k — RiU, V, X, Vr) 
w' w' 

- -ID - W 

= kg (V[/l/, X) + k—R{U, X, V, Vr) + k — R{U, V, X, Vr) 
w w 



= [ — ^k—\ 



- w 

. -]RiU,X,V,\'r) + k — R{U,V,X,\'r) 

WW/ w 

= —R{U, X, V, Vr) + k^ {R{U, X, V, Vr) - R{V, X, U, Vr)) , 
w w 

These give us the desired equations. □ 

We can now finish the proof when the curvature is harmonic. 

Proof of Corollarv M.l'A As the curvature is harmonic we have seen above that 
R{X,U,X,Vr) = and R{U,X,U,Vr) = 0. When combined with the previous 
proposition, this tells us that the eigen-distributions are totally geodesic. This 
gives a splitting of the universal cover along the eigen-distributions of P. The 
results from section 2 tell us the metric is rigid. □ 



Lemma 5.3. If M has non-empty boundary then the two eigen-distributions of P 
are parallel. 

Proof. As VsjrP — 0, we can assume that the eigenvector fields X,Y, . . . ^ M and 
U,V, . . . G V are parallel along Vr. The fact that the boundary is nonempty is 
used as an initial value for the curvatures. We assume that the boundary corre- 
sponds to the level set r = 0. Specifically we see that Proposition 15.21 implies that 
R{Ei,E2,E'i,Vr) = on the boundary. If we set X = Y in ([STTj) and (fOI) . then 
we obtain 

(Vvri?)(X,f/,X,Vr) = (— + 2k — \R{X,U,X,S/r) 

\w w' } 

R{X, U, X, Vr) = at r = 0. 

So it follows that R{X,U,X,Wr) = on M. This shows that R{X,U,Y,Wr) is 
skew-symmetric in X, Y and hence that 

w' 

(Vvr-i?) (X, U, Y, Vr) - —R{X, U, Y, Vr). 
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We can then similarly conclude that R{X, U, Y, Vr) vanishes as long as it vanishes 
on the boundary. Using ()5.1|) again this shows that JV is integrable as well as totally 
geodesic. 

A similar argument works for V. Setting U — V in (|5.4I) we have 

/ w' - w \ 

(Vvri?) {U, X, [/, Vr) = — + fc— R{U, X, U, Vr). 

\w w' J 

So R{U, X,U,Wr) vanishes as it vanishes on the boundary. This implies that 
R{U, X,V,\7r) is skew-symmetric in U and V, which in turn shows that 

R{U,V,X,Vr) = R{U,X,V,Vr)- R{V,X,U,Vr) 
= 2R{U, X, V, Vr) 

and consequently 

I yj' - ID \ 

(Vvri?) {U, X, ^, Vr) = — + 3k— R{U, X, V, Vr). 

\w w' J 

As R{U, X, V, Vr) vanishes on the boundary, it vanishes everywhere showing that 
V is totally geodesic. □ 



Lemma 5.4. // M has no boundary, i.e., fi — 0, and we further assume that 
\R\ — a ^exp (^dist{x,p)\/ —kj ^ , then the two eigenvalue distributions for P are 
parallel. 

Proof. We now turn to Case ([4]) where w = exp ^-v/— fcr^ . This means that equation 
(15.21) reduces to 



D^rR{X,U,Y,Vr) = V-kR{X,U,Y,Vr)-V-k{R{X,U,Y,Vr)+R{Y,U,X,Vr)), 
i.e., 

R{X, U, X, Vr) = R{X, U, X, Vr)|^=o exp V^r) . 

In particular we see again that U, X, Vr) must vanish if we assume that it 

cannot grow as fast as exp (^\/—kr^ . This again shows that R {X, U, Y, Vr) is skew- 
symmetric in X, Y and thus 

D^rRiX,U,Y,Vr) = y/^R{X,U,Y,Vr)-^/~^{R{X,U,Y,Vr)+R{Y,U,X,Vr)) 

= y/^R{X,U,Y,\7r). 

Using the growth assumption for R{X, U, Y, Vr) this in turn shows that R{X, U, Y, Vr) 
vanishes and then that Af is totally geodesic. 

Next we note that R{U, X, V, Vr) = k^g {VuV, X). The right hand side can be 
calculated using Koszul's formula together with the metric decomposition 



g = dr^ + g^ 



2 



— dr + /lo H ^/ii, 

where and hi are the restrictions of g^ to M and at r = respectively. 
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We wish to calculate g {VuV,X) and relate it to what happens at r = 0. This 
requires that the fields we use commute with Vr. As our fields are chosen to be par- 
allel along Vr we simply have to switch to X,w'U,w'V instead. After eliminating 
(w')^ on both sides this yields the formula 

g[VuV,X) = gr{VuV,X) 



g,{^uV,X)+{-- \go{[V,U],X). 
2(w'(r)) / 



Thus 



R{U,X,V,yT) = fc^ [9^{^uV,X)+(\- \ ]g^{[V,U],X)\ 
w \ 2{w'{r)) j j 

is forced to grow like (w') ^ = |fc| exp ^— 2r\/— fc^ unless [?7, V^] is perpendicular 

to A". As we have assumed that the curvature grows slower than exp ^\/— fcr^ this 

shows that V is an integrable distribution. 

Having shown that M is totally geodesic and its orthogonal distribution {Vr}©7^ 
is integrable it follows that the foliation with vertical space given by {Vr} ®V \s 
Riemannian. This means that we can use |BHj to conclude that there is a map 
F : B X H ^ M such that F {B x {q}) is an integral manifold for Af for all q £ H 
and similarly F {{p} x H) is an integral manifold for {Vr} ® 'P for all p E B. Below 
we shall show that the fibers are all isometric to each other and are in fact a simply 
connected hyperbolic space of constant curvature k. 

Note that if A is chosen to be basic along this Riemannian foliation then [A, U] E 
V for any U E V. As A/" is totally geodesic we have V xU E V, consequently also 
VuX E V. Let U,V eV with .g(C/, V) = 0, then 

D^rR{V, U, U, V) = (VvR) {V, U, U, Vr) - (V[/i?) {V, U, V, Vr) 
= -i?(Vyy,C/,C/,Vr)-i?(y,VyC/,C/,Vr) 
~R (y, U, VvU, Vr) - R {V, U, U, VyVr) 
+R {\7uV, U, V, Vr) + R {V, VuU, V, Vr) 
+R {V, U, VuV, Vr) + R {V, U, V, Vy Vr) 

~^g (Af (VvV) , VuU) + i?(Vr, U, U, Vr)II(F, V) 
~%g [N (VyC/) , VvU) + [M (V[/F) , VijV) 

'^g [N (WuU) , WvV) - R{V, Vr, V, Vr)II(t/, U) 
-2y/^R{V,U,U,V) 

= -2^/^g{^^{\/vV),^^(yuU)) + 2^/~^\u{'^vU)\^ 

-2 V^i? (V^, U, [/, V) + 2k\P%g{U, U)g{V, V). 

Here the term from the second fundamental form 

(5.5) g{N {VvV) M {"^uU)) - \N {VvUf -kg{U,U)g{V,V) 

is constant in the Vr direction. Thus R (V, J7, U, V) will grow exponentially unless 
it is constant and precisely cancels the term in (15.51) . i.e., 

R (F, [/, [/, V) = \N (VyC/)|' -g{N {VvV) ,U{VuU)) + kg{U, U)g{V, V). 
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This indicates that V is flat in AI and more importantly that the fibers are isometric 
to the simply-connected hyperbolic space with curvature k which we denote by 
{H,h). 

We then conclude that the structure F : B x H M gives us a metric decom- 
position of the form 

F* [g) = ho + f: (h) 

where fb'.H^Hisa family of isometrics parametrized by the base space B. From 
this it follows that any isometry of {H,h) extends to an isometry of M that fixes 
the horizontal space B and maps a fiber to itself. Recall that we have a distance 
function r such that Vr is tangent to the fibers. This means that a geodesic 7 with 
velocity vector Vr stays in the fiber. Using an isometry / e Iso {H, h) then yields 
a new geodesic / o 7 with velocity Df (V?-) that also stays in the fiber. As the 
isometry group of hyperbolic space is isotropic, i.e., the isotropy action is transitive 
on the unit sphere in the tangent space, it follows that any geodesic tangent to a 
fiber will stay in that fiber, i.e., the fiber is totally geodesic. □ 

Now we finish the proof of Theorem 11.101 

Proof of Theorem ll.KA Suppose {M, g, w) is a non-trivial (A, n-|-m)-Einstein mani- 
fold. By the definition of Q, the radial section curvature condition (jl.2|) is equivalent 
to Q(Vw, •, •, Vw) = 0. From Lemma [5T] the eigenvalues of P are either or A — p. 
From Lemma 15.31 and 15. 4[ the distribution for each eigenvalue is parallel. Hence 
the manifold splits as {M,g) — (Mi x A/2,51 + .92) such that RiCgj^ = Xgi and 
RiCg2 = pg2 ■ So the rigidity of M follows from Proposition 12.51 □ 

Remark 5.5. We have only used the assumption about exponential growth of curva- 
ture in the special case when ji — and the potential function is w — exp ^\/ —kr^ . 

Moreover, from the proof of Lemma 15.41 we can see that in this case we get a 
stronger conclusion than rigidity. Namely that the manifold M splits isometrically 
as L X H where L is A-Einstein and H is the simply-connected hyperbolic space 
with Ricci curvature p. 



6. Non-rigid (A, n -f to)-Einstein metrics on solvable Lie groups 

In this section, we consider (X,n + m)-Einstein metrics on homogeneous spaces. 
The general case of the (A, n-|-m)-Einstein equation is studied in [HPW2 where the 
function w is also allowed to take negative values. Using this generalized equation, 
we obtain 

Theorem 6.1. If{M,g) be a simply connected homogeneous non-trivial {X,m + n)- 
Einstein manifold with to > 1 and A < 0, then one of the following cases holds. 

(1) /i < and M ~ S x L as a Riemannian product where S is a space form 
that is p-Einstein and L is X-Einstein. 

(2) 1.1 — and there are no other solutions to the X-Einstein equations with 
/I < 0, then the isometry group Iso(M) contains a codimension one normal 
subgroup H that acts transitively on the connected components of the level 
set of w. Moreover if F is an isometry of M , then w o F = Cw for some 
constant C . 
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Remark 6.2. In Case (1) above when /i < 0, one can show that M is rigid by 
Proposition 13.61 Proposition 13.81 and Proposition 13.91 In fact, /i < impHes that 
w has critical points. At a critical point VRic — and the eigenvalue of Ric is 
either A or p. Since the metric is homogeneous, this holds everywhere on M . So 
the metric splits along the eigen-distributions of Ric, i.e., it is rigid. 

Theorem 16.11 suggests that we are most likely to find non-rigid examples on 
solvable Lie groups. Using left invariant vector fields, we can rewrite the (A, n + m)- 
Einstein equation. 

Lemma 6.3. Let {G,g) be a simply- connected Lie group with left invariant metric. 
Suppose it admits a non-trivial (A, n-\-m)- Einstein structure with m > 1 and /i = 0. 
Then there exists a codimension one normal subgroup H G G and left invariant 
vector field Xq — Vr, where r is the signed distance function from H. Furthermore 
the (X, n -\- m)- Einstein equation can be written as 
(6.1) 

Ric(X, Y)-^y/m{p-X) (.g([Xo, X],Y) + .g([Xo, Y], X))-{p-X)g{Xo, X)g{Xo, Y) = Xg{X, Y), 
for any two left invariant vector fields X and Y . 

Proof. From Proposition 13.61 and Theorem 16.11 we may assume that w = eV--^^ 
and the level hypersurface of w = 1 is a codimension one normal subgroup H in G. 
Thus we obtain a Riemannian submersion G — > G/H which is also a Lie algebra 
homomorphism. This shows that left invariant vector fields on G/H lift to left 
invariant vector fields on G that are perpendicular to H. As G/H = K. it follows 
that Vr is a left invariant vector field on G. 
Using Koszul's formula we note that 

Hessr {X,Y) ^ g (V xXo,Y) ^ ^ {g{[Xo, X],Y) + gi[Xo,Y], X)) 
when X, Y are left invariant. As 

Hessw = \/ —kwHessr — kwdr^ 
we obtain the desired form for the (A, n + TO)-Einstein equation (jl.ip . □ 

Proposition 6.4. Let G be a unimodular Lie group with left invariant metric g. 
Lf (G, g) is a nontrivial (A, n + m)-Einstein manifold with to > 1, A < and p, ~ 0, 
then G = H X M. where H is X- Einstein. 

Proof. Choose an orthonormal basis {XiY/^^^ of left invariant vector fields. Then 
from the equation (|6.ip we have 

Ric{X,,X,) = ^/^^^i^^^gi[Xo,X^],X^) + {p-X)So^ + X 
which implies that 

seal = \/ m{p — A)tr(adxo) + {n — 1)A + p 
The definition of being unimodular is that tr(adz) = for all Z, so it follows that 

{n - 1)A - (to - l)p = {n - 1)A + p. 
In particular p — and seal — [n— 1)A. The manifold splits by Theorem 11.81 □ 
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In the following we give an explicit construction of non-rigid (A, 4 + m)-Einstein 
metrics on solvable Lie groups with A < for all m > 0. 

Let be a 4-diniensional non-unimodular Lie algebra of the type = a + [g, g] , 
where a is a 2-dimensional abelian subalgebra and the derived subalgebra, 
which we also assume to be abelian. Let g denote a left invariant metric on 
the corresponding simply connected Lie group G with Xo,Xi,X2, X3 an orthonor- 
mal frame of left invariant vector fields such that a = span{Xo,Xi} and = 
span{X2,X3} . The distribution a defines a totally geodesic foliation whose leaves 
are M^. The distribution [Q,g] is Riemannian with vanishing A tensor and the in- 
trinsic geometry of the leaves are also M?. In other words we have a Riemannian 
submersion 

I 

where the base and intrinsic geometry of the fibers are flat and the A tensor for 
the submersion vanishes. We shall make further simplifying assumptions about the 
Lie algebra, but in general we see that the T tensor controls everything. The Ricci 
curvatures are computed using the follows properties. 

Proposition 6.5. The Ricci tensor preserves the distributions Q = a + [q,q\- And 

for i,j = 0, 1 

3 

Ric {Xi,Xj) = ^ 2ff {[Xi,Xk] , Vx,X,) + g (Vx,X,, 

fe=2 

and k,l = 2,3 

mc{Xk,Xi) = ^ -g{Vx,Xi,Vx,Xl)+g{Vx,Xi,[Xi,Xl])+g{Vx^Xi,[Xi,Xk])+g{Vx,Xi,Vx,Xi) 

Proof. This relies on our knowledge of the covariant derivatives, specifically that 
the foliation defined by a is totally geodesic. The only possible nonvanishing terms 
up to permutations of indices are terms of the form 

g (VxiXj, Xk) , where fc = 0, 1 and i,j = 2, 3. 

These can be computed by observing 

5(Vx.X,-,Xfe) = ^(g{[Xk,X,],X,)+gi[Xk,X,],X,)) 

= -g{Xj,Vx,Xk). 

Note also that these quantities are all constant since the metric is left invariant. 
With this in mind we can do the calculations. For i = 0,1 



Ric(Xi) = Y,R{Xi,Xk)Xk 
fe=i 

4 

= R {Xj, Xk) Xk 



fe=3 
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and 

= -^Xk [Xi,Xk\ - VxfcVxfc^i - \/[x^^x,,]Xk 

= -2Vx, [X„Xk]-Vx,yx,X, e span{Xo,Xi}, 

It shows that the Ricci tensor preserves the distributions. 

This also helps us calculate the Ricci curvatures when i,j = 0, 1 



Ric {Xi,Xj) — R {Xi,Xk, Xk,Xj) 

k=2 
3 

= ^.g(-2Vx, [X,,Xk] - Vx.Vx.X^.X,) 



k=2 
3 

- Y,2g{[X,, Xk] ,Vx.X,)+g {V x, X, , V x, X, ) . 

k=2 

When k,l — 2,3 we obtain similar formulas 
Ric{Xk,Xi) = R{Xk,Xi,Xi,Xi) 

= E 5 i^x,yx^X,,Xi) - g {Vx^x^X^Xi) - g (V [Xk,Xi]Xi,Xi) 

i^k,l 

= E -9(yx,X,,Vx,Xl)-g{Vx,'^x,X,,Xl)~g{V^x„x,]X^,Xl) 

i^kd 

= J2 ~9i^x^X„Vx,Xi)+g(yx,X,,Vx,Xi)-g{Vx,X,,[Xk,X,]) 

i^kU 

= -9i^x,X„Vx,Xi)+g(yx,X,,[X,,Xi])+giyx,X,,[X„Xk]) 

i^kU 

+g{Wx,X„Wx,X,) 

that finishes the proof. □ 

Next we need to determine the structure constants. We proceed as in the ex- 
cellent reference [Je] also using [Mil to find an appropriate 3 dimensional non- 
unimodular solvable Lie algebra satisfying 

[Xi,X2] = aX2 + l3X3 
[Xi,X3] = 7X2 + (2-a)X3, 

where a, /3 and 7 are constants. We will make the further simplifying assumption 
that 7 = ^ ^ 0. Thus 

Vxa-'^i = -aX2 - ^f^Xs 
Vx.Xi = -/3X2-(2-a)X3. 
There are similar constraints for the structure constants 
[Xo,X,\^F,,Xj, fori,j=2,3, 
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that yield the other relevant covariant derivatives: 

Vx2-^0 — — ^22-^^2 — 2 (-^23 + -F32) -^3 
^XsXq — — - (i^23 + -F32) X2 — F33X3. 

However, we also need to see how they interact with the other structure constants. 
Checking the Jacobi identity shows 

Proposition 6.6. The constants a, (3 and Fij satisfy the following identities: 
/?F22 + 2(1 - a)F23 - /?F33 = 

^23 ~ F32- 

Proof. To verify the Jacobi identity we only have to consider three vectors Xq, Xi 
and Xj for l<i<j<3, i.e., the equations 

[[Xo,Xi],X2] + [[X2,Xo],Xi] + [[Xi,X2],Xa] = 
[[Xo,X,],X3] + [[X3,Xo],Xi] + [[XuX3],Xo] = 

[[Xo,X2],X3] + [[X3,Xo],X2] + [[X2,X3],Xo] = 

which can be reduced to 

~[F2jX,,Xi] + [aX2 + l3X3,Xo] = 
-[F3jX,,Xi] + [/3X2 + {2~a)X3,Xo] = 

or more explicitly 

^^22 {aX2 + PX3)+F23 {pX2 + (2 - a)X3)-a {F22X2 + ^23X3)-/? {F32X2 + F33X3) = 

i^32 {aX2 + /3X3)+F33 [13X2 + (2 - a)X3)-/3 (F22X2 + F23X3)-(2 - a) {F32X2 + F33X3) = 0. 
This finally yields 

PF23-PF32 = 
/3F22 + (2 - 2a)f^23 - /3F33 = 
-^F22 - (2 - 2a)F32 + /3i^^33 = 

-I3F23 + I3F32 = 0. 

This immediately gives the relationships. □ 

We now wish to solve the (A, 4 + m)-Einstcin equations on the Lie group G. Let 
H be the Lie subgroup corresponding to the Lie subalgebra spanned by {Xi, X2, X3} 
and r is the distance function from H. Since Vxo^o — and Xq is the unit normal 
vector field of H, we have Xq = Vr. From the (A, n + m)-Einstein equation (|6.ip 
in terms of left invariant vector fields, we have 

Lemma 6.7. The (A, 4 + m)-Einstein equations on G can he written as 

Ric(Xo,Xo) - p 
Ric(Xi,Xi) = A 
Ric(Xi,Xo) ^ 
\Jm{p- X)F22 = A 
\Jm{p- \)F33 = A 
(p - A)F32 - 0. 



Ric(X2,X2) - 
Ric(X3,X3)- 

Ric(X2,X3)- 
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These equations impose further constraints on the structure constants and as we 
shaU see the last three of them are equivalent when we know that the first three 
hold. 

Theorem 6.8. Given m > and a,/3 E M. with /? 7^ and {a — 1)^ + 7^ 1, we 
obtain a left invariant (A, 4 + m)-Einstein metric on G with fi = 0. Moreover, this 
structure is not rigid. 

Proof. We start by observing that if we have such a solution then 
Ric(Ai,Ao) = ^ =0, 

p. y^ 2 (f32)' (2 - 4a3 + a4 + 3(3^ +(3^- 2a(3 + 2/3^) + a^{7 + 2(3^ j) 

KlC(Ao,AoJ = ^2 = 

Ric(Xi,Xi) = -2(2 - 2q! + + = A, 

2{ap^ + (F32)' (2 - 5a3 + a* + 3^2 ^ ^4 ^ ^2(9 ^ 2/32) _ a{7 + 5/3^))) 



Ric(X2,X2) 



0' 

(f32)(2-3a + a^+/3^) , 
A V™(P - A), 



Ric(X2,X3) = ^ ^ ^^ = (F32)Vm(p-A), 



Ric(X3,X3) 



2((2 - a)/32 + (F32)' (-3q3 + + + + ^2(3 + 2/32) - a(l + 3/3^))) 



A Vm(p - A). 



The first equation forces the relationship 



-a + a2+^2 

-f33 — -^32- 

If we introduce the notation 

-P32 

then we have to solve the equations 

Ric(Xo,Xo) = -2z'^{2-4a^ + a'^ + 3P^ + P*-2a{3 + 2p^) + a^{7 + 2p^))=p, 

Ric(Xi,Xi) = -2(2 - 2a + + /32) = A, 

Ric(X2, X2) = -2a - 2^2(2 - 5a^ + a* + 3^^ +l3^ + a'^{9 + 2/3^) - a{7 + 5/3^)) 

= A - 0(2 - 3q! + + ^'^)y/m{p - A), 

^Ric(X2,X3) = -2 + 2^2(1 _ 2a + + = z^m{p - A), 
Ric(X3,X3) = -2(2-a)/3'-2^2(_3^3^^4^^2^^4^^2(3^2/3')_^(1^3^2-)) 
= A - z{-OL + a^ + f)^m{p - A). 
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Note that the first equation combined with the second yields 

p = -2^2(2 - + a* + + /3'^-2a(3 + 2/32) + 0^(7 + 2/32)) 
= -2^2 (2 - 2q! + + 0^) (1 - 2q! + + 0^) 
2 A (A + 2) 



showing 



2 A (A + 2) 



p-A = -z^ ^ ^ ' - \ 



The last three equations turn out to be identical. Specifically, the fourth equation 
is the same as the third if we factor by (2 — Ba + + and the same as the fifth 
if we factor by (— a + + Thus these three equations reduce to 

-2 + 2^2(1 - 2a + + = z^/m{p-\). 

or 

-2 - (A + 2) ^2 = z^-\m {^^z-^ + 1 

This calculates z as a function of A. Either 

2 -2 
z = 



A + 2 
forcing p = A, or 



(6.2) z 



2 



A 



TO 



(A + 2) A (to, + 2) + 4 



2 

which is equivalent to the first when to = 0. Only the latter case with to > gives 
us a nontrivial solution. If we substitute it into the equation for p we are left with 
the two equations 

(6.3) -2{2-2a + a^ + 0) = A, 

2A (A + 2) 
A (to + 2) + 4 ~ ^' 

Note that we always have 

2 - 2a + + ^2 > 1 

so A < -2. 

Finally we do a few calculations to show that this is not rigid. Since A ^ p it 
can only be rigid when the other two eigenvalues are also A, p. 
We have 

I -4 

z^/m{p - A) = -2 -(A + 2^ 



A (to + 2) + 4 
-2 (A (m + 2) + 4) + 4 (A + 2) _ -2Ato 



A (to + 2) + 4 A (to + 2) +4 

mp 
"a + 2" 
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Thus 

seal = A + p + Ric(X2,X2) +Ric(X3,X3) 



= A + p + 2A + (A + 2) z^m{p - A) 
= 3A — (to — 1) p. 

So the only possibility for having a rigid solution is when 

3A - (to - 1) /9 = 2/9 + 2A 



which implies 



^ , 2A A + 2 TO + 1 

A = (m + 1 p = - 

^ A(m + 2)+4 

2 (A + 2) (to + 1) 



A(m + 2) +4 



= 1, i.e., A = -4. 



It follows that 



and 



TO+1 



O.Tfl Q^TTl 2771 

Ric(X2, X2) = -4+ — (2 - a) , Rie(X2, X3) = — /3, Ric(X3, X^) = -4+ — , 

TO, + 1 TO+1 TO+1 

The principal Ricci curvatures are A and p if (a — 1)^ + = 1. In this case, the 
metric splits along the eigendistributions of Ric. □ 



Finally we consider the convergence of the metrics in Theorem 16.81 as to — cx). 
We will see that the Ricci soliton structure naturally appears in the limiting metric. 
First we recall 

Definition 6.9. A left invariant metric g on a simply-connected nilpotent(or solv- 
able) Lie group is called a nilsoliton{ov solvsoliton) if the Ricci tensor satisfies the 
following equation 

(6.4) Ric(g) = cI + D 

where c is a constant and D G Der(g) is a derivation. 

These manifolds are closely related to Ricci flows and Einstein metrics on non- 
compact homogeneous spaces, see |Lal[ ILa2l ILa3j and references therein. 



Theorem 6.10. Let {G,g„i) be the {X, 4: + m) -Einstein metrics in Theorem \6.8\ As 

TO — >■ 00, they converge in C°° to the Riemannian product (M x H, dt^ + go) where 
{H,go) is a three dimensional solvsoliton. 

Proof. Recall that {Xq, Xi, X2, X^} is an orthonormal frame of left invariant vec- 
tor fields on G and then any left invariant metric g is determined by the structure 
constants C^-fe = g{[Xi, Xj],Xi;) for i, j, fc = 0, . . . , 3. That the metrics g^ converge 
to ^oo in C°° is equivalent to that the structure constants C^/. of gm converge to 
those of goo, see for example |La3[ Proposition 2.8] when G is a nilpotent group. Al- 
ternatively, the C°° convergence of the structure constants implies C°° convergence 
of the Levi-Civita connections and then the convergence of the metrics follows, see 
for example [GP| Section 6]. 
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From the equation (|6.3p of A in terms of a and /?, since A is unchanged for the 
metrics gm, ol and /3 are also unchanged. From the equation (|6.2p 

2 • -4 
hm z — hm — = 

m-foo m-s-oo A (m + 2) + 4 

It follows that F32 and F33 converge to zero, i.e., [Xq, = for alH = 0, . . . , 3 
as m — >■ c». So the Lie algebra g corresponding to ^oo on G splits as direct sum of 
MXo®() where \) is spanned by X\^X2 and X3, and the limiting metric goo — dt^ + (?o 
where go is the restriction on the Lie group H whose Lie algebra is f). On i/, the 
nonzero Lie brackets are given by 

i X2\ (a /3 \ ( X2 

adxi 




^^3; \/3 2-aJ \X3j 

A computation shows that the nonzero Ricci curvatures are 

Ric(Xi,Xi) ^ A 

Ric(X2,X2) ^ ~2a 

Ric(X2,X3) = -213 

mc{X3,X3) = -2(2 -a). 

Let D be the derivation on \) as D{Xi) = and D{Xi) = — AX^ — 2adxi(Xi) 
for i = 2,3, then we have Ric — XI + D which shows (iJ, go) is a solvsoliton. The 
solvsoliton structure can also be obtained by viewing f) as an extension of the abelian 
Lie algebra spang {X2, X3} by M.Xi, see the construction in |La2[ Proposition 4.3]. 
Note the solvsoliton metric is not Einstein since /3 ^ 0. 

This derivation can be constructed directly as a limit in the following way: we 
know that 

-VVw = y/m {p-X)WXo + {p- X)X^„ (g) Xl 
w 

where Xq is a 1-form dual to Xq- And the only nontrivial covariant derivatives for 
Xo are 

Vx.^o = {2-3a + a'' + 13^) - pzXa 
X 



2 aj zX2 - /3zX3 
VxaATo = "/3zX2 + (-a + + ^^3 
= ~l3zX2+(-^ + 2-o\zX^. 



Next note that 



, — -. -T- —Amip — X) 

hm zy'm (p - A) = hm zJ — = -2 

m-i-oo m-i-oo W A (m + 2) + 4 

so it follows that — VVw converges to the derivation D as m oo. 

A similar limit argument also shows that the Ricci curvatures of g„i converge to 
those of the limiting metric g^o ■ D 
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Appendix A. An integrability criterion of eigen-distribution of Ric 

In this appendix we will show the eigen-distributions of P(or Rie) in Theorem 
11.101 are integrable without using the curvature growth assumption. It follows from 
the following general integrability criterion of eigen-distribution of Ricci curvature. 

Theorem A.l. Suppose gt = Hq + thi(t > 0) is a family of Riemannian metric on 
S such that 

9i\v = hi, 

where Af andV are two orthogonal distributions. If the Ricci curvature of gt satisfies 
the following condition 

Ric* = A/iQ + ahi 

where \ ^ a are two constants, then the two distributions Af and V are integrable. 

Before proving Theorem lA.li we shows that in Theorem 11.101 the restriction of 
the metric g on the level sets of Vr satisfies the assumptions in Theorem lA.il Then 
the integrability of the eigen-distributions of P follows directly. 

We denote orthonormal frames of J\f and V by {Ei} and {Ea} respectively and, 
use i, J, fc, . . . for the indices of Af, a,b,c, . . . for V and a, /3, 7, . . .. The vector fields 
in Af and V are denoted by X,Y,Z,... and U,V,W,... respectively. If A is a vector 
field in TM, then AfA and VA denote its projections. 

Recall from Lemma 15.11 the eigenvalue of P is either or A — p. Thus we have 
the orthogonal decomposition of the tangent space of the level sets E of r as 

M = /xE, 

g = dr'^+gr, 

TE = Af®V. 

Instead of parametrizing by r, it will turn out to be more convenient to parametrize 
the metrics on the level sets hy t = {w')^ (r). We consider the one parameter family 
of metrics gt on E. In the next proposition we compute the Ricci curvature of this 
family. 

Proposition A. 2. The metrics {^,gt) satisfy 

gt = ho+ thi 
Ric* = A/iQ + ct/ii 
seal* = A dimA/" + — dimT', 

where Ric* and seal* denote the curvatures of gt, ho, hi are metrics on Af and P 
respectively, and a ~ (dimT' — 1) kfi. 

Remark A. 3. By multiplying u; by a constant, we can always assume that a X. 

Remark A. 4. In Proposition IA.21 instead of considering the metrics on a family 
of hypersurfaces in M we are fixing just one hypersurface E and then pulling the 
metrics on the other hypersurfaces back via the flow generated by Vr. If {Ei}, {Ea} 
are orthonormal frames of Af, P respectively with respect to gt , then the formula 
tells us that {e^ = Ei} and {cq = \/tEa} are orthonormal frames with respect to 
91- 
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Proof. Write the metric splitting on E corresponding to some regular value wq as 

go = 9N- + 9V- 
From the (A, n + m)-Einstcin equation we know that 

i^\Jwgj\f — 0, 
and using w = w (r) where w" = —kw wc obtain 

w 

so the metric has the form 

g = dr^ + ha + {w')^ hi 

where h^ and hi are restrictions of g on A/" and V at the regular value wq respectively. 

As in the proof of Proposition l5.21 we have the following formulas for the second 
fundamental form: 

ll{X,X) = 
L/) = 

= -k^\U\\ 
w 

The radial flatness assumption 

= g(Vw, E, E, Vw) = R{E, Vw, Vw, E) + ^—-^{mc{E, E) - \\E\'^). 

then tells us that the radial curvatures satisfy 

i?(X,Vr)Vr = 0, 
R {U, Vr) Vr = kU, 

and Ric(Vr, Vr) = p implies that 

p = k dim V ■ 

This implies that for any two unit vectors X E JV and U E V, wc have 

mCg^{X,X) = XgriX,X) = X 
RiCg^{X,U) = 

— — 1/7^ — / — 11]^ \ 

Ric„ ([/,[/) = p-fc+(dimP-l)P— ^ = (dimP-l)fc fc— ^ + 1 

yw'Y \ {w'Y J 

= (dim-p - 1) fc/i(^«')"^ 

where 

= + [w' f , 
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which gives us 

Ric\E,F) ^ RiCg,{E,F) 

= Xho{E,F) + {diiRV-l)kfihi{E,F) 
= Xho{E,F)+ahi{E,F) 
a = {dimV — l)kjl. 

The formula for the scalar curvature then follows from tracing this equation. □ 

As the scalar curvature of gt is constant, we have the following 

Corollary A. 5. For the metric gt, we have 

J2^E^E,eAf, and J^^E^^a^V. 

i a 

Proof. The scalar curvature is constant on S. Thus, by the second Bianchi identity, 
= divgj Ric* = Adivgj h^ + crdivg^ hi . 

On the other hand 

= divgj^i = diVg^/iQ + tdiYg^hi. 

So if t 7^ c/A, then 

divgj/iQ — divgj/ii = 0. 
For any vector AT G A/" we then have 

= (div/lo)(A) = ^(V£;>o)(i^a,A) 

= Vb„ {ha{Eo,,X)) - ha (V£„i;„, A) - ha{Eo,,V e^X) 
= Vb^ {gt{E^,X)) ~ gt [We^E^.X) - gt{E„ V^.A) 
= gt{VE^Ea,X), 

which shows that V E^^a G V when t ^ cr/A. However, by continuity, this must 
also be true aX t = cr/A. Similarly, we have ^i'^ EiEi G A/". □ 

The integrability of the eigen-distributions follows from a more careful analysis 
of the formula for Ric*. 

Proof of Theorem \A.l[ We consider gt as a variation along the hi direction as 
gt{s) — gt+s for s > 0. From the assumption of the Ricci curvature, we have 

Ric*+^ = A% and Ric'+'{Ea,Ei,) = ahi{Ea,Eb) - jSab- 

As tTg^hi is constant and divg^hi = 0, it follows from the first variation formula of 
the Ricci tensor, see |Be[ 1.174(d)] that 

o^l^lhi, 

where is the Lichnerowicz Laplacian with respect to the metric gt, see |Be[ 
1.180b]. In the following we compute the expansion of at t = 1. The vanishing 
of the coefficients will show that both distributions are integrable. 
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Using Koszul's formula, the connection of gt is determined by 

gt{VxY,Z) = gi{VxY,Z) 

9t{VxY,U) = g,{VxY,U)+*-^g^{[X,Y],U) 

gt{VxU,Y) = g,{VxU,Y) + ^-^g,{[Y,XlU) 

9t{'^xU,V) = tg,{VxU,V) + ^-^g,{[U,V],X); 

and 

gt{VuX,Y) = g,{VuX,Y) + *-^g,{[Y,X],U) 

gt{VuX,V) = tg^{VuX,V) + *-^gi{[U,V],X) 

gt{VuV,W) = tg,{VuV,W) 

gt{VuV,X) = tgi{VuV,X) + ^-^gi{[V,U],X). 

Since Ric = Xho + ahi, we have Rico/ii = /iioRic = jhi as symmetric 2-tensors 
which imphes that 

(A.l) A^/ii = V*V/ii + y/ii-2i?g,/ii, 

where Rgh is defined by 

{RgMAB)=Y,HR\E^,A)B,E^) = ^R*{E„,A,B,E0)h{E^,Eis) 

for any symmetric 2-tensor h and i?* is the (3,1) or (4,0) curvature tensor of gt- It 
follows that 

RgMAB) = ^^i?*(K,AS,K). 

a 

Let H = VscEa and then the term V*V/ii can be computed as 

{V*Vh,){A,B) 

= -E(^1,^^>0(AB) 

a 

= -Vb„ ((V/ii)(S„, AS)) + {Vh,){H,A,B) + {\/h,){E^,\/E^A,B) + {Vhi){E^,A,V e^B) 
= -VE^VEAhi{A,B))+2WEAhi{^E^A,B))+2VEAhi{A,VE^B)) 

+VH{hi{A, B)) - hiiVnA, B) - h,iA, VhB) 

-/ii(Vb„Vb„A-B) - 2hi{VE„A,VE^B) - hi{A,V e^"^ e^B). 
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It follows that 

(v*v/ii)(x,y) = -2/^i(V£„x,VB„r) 

= -^gt{VE^X,Ea)gt{VE^Y,Ea), 
{V*Vhi){X,U) = jgt{VE^VE^X,U) + jgt{V E^X,Ei)gt{V E^U,Ei) - -^gt{VHX,U), 

(V*v/ii)([/,y) = -\^EyEAfH{u,v)) + jVEA9t{^E„u,v)) + jVEAat{u,VE^v)) 

-\gt{^E„WE„U,V) - '^gt{VE^U,Ea)gt{VE„V,Ea) - ]gt{U,VE^VE^V) 

= Idti^E^U, Ve^V) - ^gtiVE^U, EMVe^V, 
= ^gt{VE^U,Ei)gt{VE^V,Ei). 
We choose an arbitrary vector field U in V. Since {A\^hi){U, U) = 0, we have 
(A.2) 1 (V*V/ii)(C/, U) + ah^iU, U) = J2 ^*(^a, U, U, E,). 

a 

The first term on the left hand side is 
^(V*V/ii)(C/,[/) = gt{VE^U,Ei)gt{VE^U,Ei)=gt{VE,U,Eif+gt{VE^U,Eif 

n{[Ei,E^\,U)^ 

2 



= [gi{VE,U,Ei) + —-g^{[Ei,Ej],U) j 

+ (^tg^{VE^U,Ei) + i^g,{[U,E,],Ei)^ 
= (^9i{^ejU,ei) + '^-^gi{[ei,ej],U)^ 
+ (^Vigi{Ve^U,ei) + ^<?i([t/, ej, 



ei) 

In particular, the highest power of t in the expansion above is and the lowest 
one is t~^. We call the terms with t's power or 1 the middle order terms. Then 
we have 



(V*V/ii)(C/, U) = -Y, 91 {[ei, ej], Uf+j:^9i iP, ej, e^V middle order terms. 



t 

i,j a,i 

The second term on the left hand side is 

ahi{U,U) = agi{U,U). 

Therefore the expansion of the left hand side is given by 
(A.3) 



(t \ t'^ 1 

-(V*V/ii) + ([/,[/) = J 5^51 {[ei,ej],Uf+-Y,9i ([£/, ej, ei)'+ middle order terms. 
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The right hand side is 
J2R\Ea,U,U,Ea) = DEM^uU,Ea)~gt{VuU,Y,^E^Ea)~Dugt{VE^U,Ea) 

a a 

+9t{'^ E^U,VuEa) ~ 9t{'^ [E^^U]U,Ea). 

We calculate each term in R*{Ea, U, U, Ea) and only consider the term and t~^. 
We have 

DE^gtC^uU,Ea) = De^ {tgi{VuU,Ea)) = De^gi{yuU,ea) = middle order terms, 
gti^uU^E^Ea) = gtiVuU,Eb)gt{VE^Ea,Eb)=tgi{VuU,Eb)-tgi{VE^Ea,Eb) 

= .9i(V[/t^, e6)gi(Ve„ea, eb) = .gi(V;7[/, Ve^Ca) = middle order terms, 
Dugti^ EaU.Ea) = Du{tgi{VE^U,Ea))^Dugi{Ve^U,ea)^ middle order terms; 

and 

<?t(V£„i7,V[/^a) = gt{yE^U,Ei)gt[yuEa.E,)+gt{yE,^U,Eb)gt{yuEa,Eb) 
tgi (Ve„ U,E,) + ^.91 ( [[/, Ea] , E, 

tgi{VuEa,E,) + i—^g^{[Ea.^UlE,) 
+tgiiVE^U,Eb) ■ tgi{VuEa,Eb) 
(^V<.gi(Ve„[/, e,) + ^gi([f/, ej, e,)^ 

VtgiCVuSa, e,;) + ■^--^gi([ea, U],ei) 
+.9i(Ve„?7, eb) ■ gii'Vuea,eb) 
= — — gi {[U, Ba], eif + middle order terms, 

9t{''^ [Ea,U]UTEa) = 3t(V_/\/-[£;^ ;7]?7, + .gt(V-p[£;^ [/] 

= t5l(VAr[£„,a]C/,^a) + ^5i([C/,i;a],AA[£;„[/]) +tgi(Vp[E„,[;]?7,i;a) 

= .9l(VAr[e„,(7]C/,ea) + ( [C/, Ca] , A^iea , ?7] ) +5i(V-p[e„,C/]C/,ea) 



— (71 ([J7, Ca], Gi)^ + middle order terms. 



2t 

a, 2 



It follows that 



(A.4) ^R\Ea,U,U,Ea) ^ -^^^gi{[U,ea],eif + middle order terms.. 

a a.i 

Since the two expansions given by (jA.3|) and (jA.4[) in the variable t are equal and 
U is an arbitrary vector field in V, both distributions M and 7^ are integrable. □ 
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